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Answering a question of Erd6s, Sauer [4] and indepe~dently Pcrles and Shelah [5] found the 
maximal cardinality of a collection ~ of subsets of a se~: N of cardinality n such that for ever/ 
subset M ~ N of cardinality m I{C f3 M: C ~ 3b'}l < 2". Karl~)vsky and Milman [3] generalised 
this result. Here we give a short proof of these results and further extensions. 

Let to be the set of nonnegative integers. For fixed positive integers 
n, pt . . . . .  p, put N = { 1 , 2  . . . . .  n} and define 

3~ = @(n, Pt . . . . .  p,) = {f: N --* to: f ( i )  < Pi folr all i ~ N}. (1) 

For f e  3~ and I c N let P~(f)-----fl~: I---~ to be the restriction of f to I. For ~ c 
define P~(~) = {P~(f): f ~  ~}.  We say that .~ is I -dense  if p l ( ~ )  = p1(~).  If S is a 
family of subsets of N, then ~ is S-dense  if ~? is /--dense for some l e S. The 
collection 3 ~s defined below is clearly not S-dense;: 

~ s  = { f  ~ ~ :  (VI  ~ S)(:t i  E l ) [ f ( i )  > 0]} 

( = ( f ~  ~ :  ( v i e  s)[P'(f) ÷oD.  (:') 

As a corollary of the main resu!t of this paper (Theorem i) we show that if ~ i~ 
not S-dense, then I~[ ~< 1~ s [. This contains as special cases the results of Sauer [4] 
and Perles and Shelab [5], and of Karpovski and Milman [3]. 

Before stating Theorem l,  we need one more definition; ~ c 3~ is monotone if 

f ¢ ~ ,  g e 3 ~  and f ~ g  imply g ¢ ~ .  Note ~.hat ~ s  is monotone and that a 
monotone  family ~ ~3~ is not S-dense iff ~ ~ 3 ~'~. (If P~(f)-~0 for some I~  S 
a rd  f e ~ ,  then the monotonicity of ~ implies that ~ is I-dt:nse.) 

Theorem 1. For every ~ c ~ taere exists a monotone ~ c 3; such that 

(a) I~1--I~1,  and 
(b) IP'(~)I<~IP'(~)I for all I c  N. 

* This pa|~er forms part of a Ph.D Thesis written by the author under the supervision of Prof. M.A 
Perles from the Hebrew University of Jeru~lem, 

0012-365X/83/$3.00 © 1983, Elsevier Science Publishers B.V. (North-Holland) 



200 N. Alon 

P r ~ | .  Among  all sets 98 c ~: that satisfy (a) and (b) let 98o be one for which the 
s u m  

Z f(n (3) 
fE~ i = I 

is maximal. To  complete  the proof  we show that 98o i:,; monotone.  
For l<~i<~n, 0 ~ j < p , - 1  a n d / r ~  define ~i([)~5~ as follows: 

[ [ (k )  i l k # i ,  

(T.(f))(k) =~f(i) if k = i and f(i) ~ ], 
/ 

[ i + 1  i f k = i a n d f ( i ) = j .  

For f e  98(, define 

E,(/) =~"(f) if ~ , ( / ) ¢ ' . .  

( f  otherwise. 

Thus the effect of the opera tor  T,i is to increase f(i) by l. providm] f ( i ) =  j but 
only if the modified f lies outside ~o. Note that 98o is no< mono'~one if[ 
T,i(~,,) # 98. for some 1 ~< i <~ n and 0 <~ j ~- p, - 1. 

We now show that T,(98o) satisfies (a) and (b). 
(;t) It is e.".'fily checked that if [. g 6 98o. then .f# g :mlz,lies T . ( f ) / :  T,j(g). and 

thu:; IT~i(98,,)l = [98ol : I~l- 
(b) Suppose I ~ N .  We shall show that ]PI(T.i(98.))<~iP1(98.)[. hvJeed, if g ~  

P~(T,(98o))\Pq98.) .  it is easily checked that i ~ I  and g(i)=]-~ i. Define a 
function g ' :  l--~to by 

g,(k)=l~(k)  if k,~i, 
if k:=i. 

We claim that g '~  Pt(98o)\Pl('~i(98.)). Indeed since ,.~ c PI (T, (~ , , ) )  there exists 
an [~ 98. such that g : Pl(Tii([)). However  g¢ p1(98.) and thus T~,~/) #/. There-  
fore f ( i )=i  anti g ' :  Pa(fle Pl (~ . / .  If g ' = P l ( T ~ i ( / ' 0  for son,c /'c-980, then 
T,(f'J = [ 'E  ,~., (since g'(i) -: j ,¢- j + 1), and thus Pqf ')  = g' and ~;( . f ' )d  980 (since 
pt(~..,(f,)) = g~ p1(98o))" Thus Ti i ([ ' )= ~',(f ')# f ' ,  a contradiction. ] his shows that 
g' ~ P'(T.,(98.)). 

Since the mapping g--~ g' is 1-1. we conclude that IP~(T,i(ado))!~<JP~(98o) I as 
clairaed, and that T , ( ~ . )  satisfied (b). 

If ~,~98.)~ 98.. then the sum M(98o) defined in (3) is strictly smal!er than 
M( ' / .  (98.)). contradicting the choice of ~o. Therefore  "i]j(980) = 98o for all 1 <~ i <~ n 
and O ~ j < p , -  I. and thus 98o is monotone.  This completes  the proof.  [ ]  

For po:'.itive integers p, . . . . .  p. and for a fa:nily S 3f subsets of N define 

f (r;  Pt . . . . .  p. ; S) : max{l~l : ~ c  ~:, 9~ is not S-der, se}. 

Theorem 1 implies the following corollary. 

(4) 
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C~Hmllmry 1. For every fami ly  S o [  subsets o f  N , [ ( n ;  p, . . . . .  p~; S) = I~s[. 

lt~'~ml. Clearly f ( n ;  Pt . . . . .  p,,; S)~>J~:s[. To see the converse inequality suppose 
c ~: is not S-dense. By Theorem 1 there exists a monotone  ~ c 5i, that is not 

S-dense,  with I~1 = I~1. By the remark preceding Theorem 1 ~ c ~:s, and thus 
I~1 = l ~ l ~ < l ~ : S l .  [ ]  

Renmrlm. (1) Suppose n ~ m > O .  Corollary 1, with p t = P 2  . . . . .  p , = 2  and 
S ={IcN,  III= m} gives: 

f( , , ;  2 . . . . .  2 , s ) = l ~ l =  Y. . 
i = 0 

This is the rcsult of Sauer [4] and Perles and Shclah [5] mentioned in the abstract. 

(2) Suppose nt >~ ml >~ l ,  n2 >~ m2 >~ l . . . . .  n~ ~ rn~ ~ l ,  qt . . . . .  q ~ > l .  Ft)r 1 --<- 
i ~< s define 

J , =  ~ + k :  l<~k~<n~ . 

Corollary 1, with n=Y.~=l r~, pi=qi  ;or JeJ i  and S = { l c N ,  J I f h J i l = m  i for 
1 ~< i ~< s} gives 

f (n ;  ql . . . . .  qt . . . . .  q, . . . . .  q,; S) 

= I~i = I ' 1 0 7 ' -  (q, - 1)'. 
i = l  i=  

This is the result of Karpovsky and Milman [3] mentioned in the abstract. 
(3) Theorem 1 contains definitely more than Corollary 1. As an example we 

state one immediate consequence of it. Suppose n~'-3, and ~ =  ~(n ,  2 . . . . .  2). 
Define h = max I~1, where the maximum is taken over all ~ c 5~ ~uch that for 
every l c N ,  III = 3  implies IP"(~)I~<6 (i.e., P t ( ~ )  misses at least two diifcrent 
functions ] 'e  pr(~r)). Then 

h = ~ + n+[~n2].  

The proof follows easily from Theorem 1 and Turan 's  theorem for triangles (see 
[1, pp. 294-295]).  We omit the details. 

(4) Suppose 1 ~ < m ~ n  and put ~ =  if(n, 2 . . . . .  2). A set ~ c  ~ is called m- 
doubly-dense if there exists an l c  N, III--m, such that for every ,~' I---, {0, 1} 
there exist f~, f2 E ~ that satisfy 

P ' ( [ i ) =  P ' ( f , )  = g and PN-'([~ + fz)--= I. 

Combining the me th t~  of this paper with the theorem of Hall and Ki)~.ig [1, 
pp. 52-53]  and the theorem of Erd6s, Ko and Rado [2] we can prove [6] that the 
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m a x i m u m  cardinal i ty  of  a set  ~ ~ ~ tha t  is not  m - d o u b l y - d e n s e  is preci,,~ely 

j +'{rn + n -  I)12 / M  ~ 
i,l+ +,,,,-,-,, i+o+,:,, 

: (m +n-2~/2 ( ? )  
h ( m , n )  | /  n - 1  \ +  ~ i f m + n i e e v e n .  Lt (, m)) , = , ,  

This  result  has s o m e  appl ica t ions  in func t iona l  analysis.  T.aose will a p p e a r  in [6]. 

Note  added in prooff 

P. Frankl  (On the t race  of  finite sets, J. C o m b i n .  T h e o r y  (A) 34 (1983) 41---45) 

used, independan t ly ,  a m e t h o d  s imilar  to  ours  and  p r o v e d  the  assert:ions of  

R e m a r k s  (1) and (3). 
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